The creation of templates for uncertain plants is an essential rst step in Quantitative Feedback Theory and other frequency domain methods. For plants with a general uncertain structure, a method to identify crucial interior points in the uncertain parameter set which map to the boundaries of the plant templates is presented. It is shown that the boundaries of the templates are only generated by the edges of the uncertain parameter set and these identi ed interior points. A computationally tractable procedure for generating the templates is developed and a simple illustrative example is given.
Introduction
In Quantitative Feedback Theory (QFT) and other frequency domain robust design methods, it is essential to be able to describe a plant with uncertainties, including parametric uncertainties, unstructured uncertainties and mixed uncertainties, in the frequency domain. In addition, it is also very useful to be able to analyse frequency properties, or compute frequency response, of such plants. In QFT, all uncertainties are converted into plant templates on a Nichols Chart or Nyquist Plot. The term template is used to denote the collection of the uncertain plant frequency responses. For simply connected templates, it is necessary and su cient to work only with the boundaries of the templates in QFT design procedure 10] .
The most common method of generating the plant template is to grid the parameter set and calculate the transfer function values on the discrete parameter points. This is a computer intensive approach and produces a large number of useless interior points in the templates. For a plant with q uncertain parameters, if n gridding points are used for each parameter, the transfer function value is calculated q n times. For example, for a plant with ve uncertain parameters, it would be necessary to evaluate the transfer function 100,000 times if each parameter is gridded into 10 points. More seriously, since this is a rst step in the design procedure, it will produce huge burden in the subsequent computation of the robust stability and robust performance bounds 7] .
In view of this, several approaches have been proposed to simplify the procedure of template generation for plants with special uncertain structures (see 6] and 4]). Bailey and Hui 2] consided the case where the uncertain parameters in the numerator and denominator are independent and a ne. When the uncertain parameters in the numerator and denominator are dependent and a ne, Fu 9] and Bartlett 5] claim the boundary of the templates are only generated by the edges of parameter box. For interval systems, with the help of the notation of Kharitonov polynomial and Kharitonov segment, Tesi and Vicino 14] and Keel and Bhattacharyya 11, 12] show that the boundary of the frequency response can be produced by the Kharitonov polynomials and Kharitonov segments. This approach is further extended to the multilinear interval plants in 6] but the resultant templates are conservative as shown in this paper.
Template generation for a structured uncertain plant is considered in this paper. There is no restriction on the structure of uncertain parameters. A general procedure for template generation of uncertain plant including nonlinear and multilinear perturbations is developed. Our result is based on the Jacobian function. This approach has been employed to analyse the robust stability of uncertain polynomials with multilinear parameter dependence in 13, 15, 1] . The result in this paper is inspired by Zeheb and Walach 16] . Instead of computation of the template directly, the problem is reformulated to test of zero set of an uncertain polynomial. As a result, nding the boundary of the template is equivalent to testing the boundary of the zero set.
This paper is organised as follows. A general procedure for template generation is developed in Section 2, a Proof is given in Section 3, the procedure is illustrated by an example in Section 4 and nal conclusions are given in Section 5. 
where q 2 R p is an uncertain parameter vector. Almost all physical plants with structured uncertainties including multilinear and nonlinear uncertainties can be described by the above structure. Each of the p uncertain parameters q i varies within an interval q i ; q i ] independently, and the uncertain parameter vector q belongs to the set Q, given by Q = fq : q 2 R p ; q i q i q i ; i = 1; : : : ; pg;
(2) which is an axis parallel box. At a xed frequency, the frequency response of the plant (1) with uncertain parameters q 2 Q will produce a set on the complex plane, which is called the plant template, de ned as G(!) = fG(j!; q) : q 2 Qg (3) In QFT, analysis and synthesis of the control system is performed on the Nichols chart. It is easy to show that the parameter points which contribute to the boundaries of the templates on the Nyquist plot also contribute to those on Following Assumption A1) and A2), it is easy to show that G 2 G(!) (6) if and only if y 2 V(!); 
To show our results, the following de nitions are necessary:
The interior points of the parameter hypercube Q refers to all points except the points on the edges of the hypercube Q. The l-side of the hypercube Q refers to the subset of the set Q where l parameters can vary in arbitrary directions and all others are xed on their end points.
For example, consider a hypercube Q 2 R 3 (i.e., a cube). The interior points of the set Q refers to all points in the cube except the 12 edges. The 3-side of the set Q refers to all points in the cube Q except the 6 faces. The 2-sides of the set Q refer to all points on 6 faces except 12 edges. The 1-sides and 0-sides refer to all points on the 12 edges except all corners and all corners respectively. Hence the 3-side and all 2-sides form the interior points of the cube Q. The combination of the 3-side, the 2-side, the 1-side and the 0-sides form the cube Q. Theorem: For the plant (1) with uncertain parameters q 2 Q R p satisfying Assumptions A1) and A2), only the following points in the uncertain set Q (2) contribute to the boundary of the template G(j!; q) on the complex plane.
1. the points on the edges of the hypercube Q, 3 Proof of Theorem
Firstly a plant with two uncertain parameters is considered. Then it is extended to the plant with p uncertain parameters. We only need to prove that the points in the set Q which do not satisfy the conditions in the Theorem do not contribute to the boundary of the template. In other words, suppose there exists a point 
Let y = + j . Remember that F is a complex function and the uncertain parameter q 0 does not obey the condition 1 in Theorem. It implies that q 0 is not on the edges of the set Q. The above equation can be written as
where <F and =F denote the real and imaginary parts of the function F respectively. M is a matrix produced by @F /@y at y = y 0 . Since q 0 does not satisfy the condition (13) , that is, the matrix
is full rank, which implies that for any and there exists q 1 This implies that F (!; q + q 0 ; y + y 0 ) is also within the set V, i.e., within the template. Since for any su cient small perturbations in every direction on 0 and 0 , i.e., on y 0 , there exists q 2 Q such that y + y 2 V, it implies the point y 0 is not a point in the set @V, i.e., on the boundary of the template. This con icts with the assumption, hence the result. For the plant with p dimensional uncertain parameters, the uncertain parameter hypercube is formed from all its sides from p dimension to 0 dimension. We therefore need to check whether the points in every l-side (p l 2) contribute to the boundary of the template. Consider the l-side of the set Q, consisting of q l = q l1 ; q l2 ; : : : ; q l l ]; l 1 ; l 2 ; : : : ; l l 2 f1; 2; : : : ; ng. It implies other p ? l uncertain parameters are xed on their end points. Following the above discussion, the equation (17) 
hence only the points in l-side satisfying the condition (14) will be mapped to the boundary of the templates. The result is achieved. Before illustrating the Theorem with a simple example, some remarks about the Theorem are given.
Remark 1 The set G is not necessarily simply connected. Remark 2 When ! = 0, the function F (0; q; y) degrades to a real value function and condition (13) in the Theorem does not hold. But the case of ! = 0 is trivial since only the maximum and the minimum of the real value function n 0 (q)=d 0 (q) are needed to calculate the template.
The computational procedure for the template generation is as follows:
1. For the plant (1) with uncertain parameters q 2 Q R p , x the frequency ! and let l = p.
2. Identify the points in the l-sides which contribute the boundary of the templates by solving a set of equations (13) and (14).
3. Let l = l ? 1 and repeat Step 2 until l = 2.
Finally calculate the values G(j!) on the edges and the points produced in
Step 2 and 3. This procedure is illustrated in the example.
Remark 3 It is impossible for one row of the matrix in the condition (13) to be all zeros since it implies the the function F (!; q; y) or the transfer function G(j!; q) is independent of the corresponding parameter q li . Therefore testing condition (13) Combining the equations (19) with the condition (14) yields the set of l + 1 equations in l + 2 variables q l1 ; q l2 ; : : :, q l l , and . After substituting the variables q l1 ; q l2 ; : : :, q l l , the curve H( ; ) = 0 is yielded, which describes the points of the template G(j!; q) on the Nyquist plot.They are mapped from the critical interior lines satisfying the conditions (13) and (14) .
Remark 4 To compute the frequency response of an uncertain plant, the Theorem shows that only the frequency responses of the points on the edges and those satisfying (13) and (14) need to be calculated. As shown above, to check whether or not there exist points within the l-sides of the set Q satisfying the conditions (13) and (14), a set of l + 1 equations need to be solved. Symbolic computation plays an important role in this procedure. One is to compute the Jacobian matrix. Moreover, since the interior points of the l-side satisfying the conditions (13) and (14) consist a curve (if they exist), it implies there are innite numerical solutions for the set of equations. Generally, they are nonlinear equations. However as well known, in general, coe cients in transfer functions are polynomial functions of uncertain parameters. For most of physical systems the power of underlying uncertain parameters in the polynomials n i (q) and d i (q) in (1) is less than 3. These equations can be solved by the existing symbolic computation software. For example, the computer algebra program Reduce works e ciently for several physical plants we have considered. This example is taken from the MATLAB QFT Toolbox and it has been investigated in 8, 3, 7] to show that it is possible to map the interior points in the parameter box to the boundary of the templates. Following the Theorem, the frequency responses on the edges and the critical interior lines need to be calculated. To nd the interior points of the box Q satisfying the conditions (13) and (14), we have Since there are only two uncertain parameters, i.e., p = 2, the conditions (13) and ( (24) which is shown in Figure 1 .
It is interesting to notice that the line L is independent of frequency in this case. For the frequency ! = 1, the boundaries of the templates on the Nyquist The uncertain plant (20) has the special uncertain structure, which is a socalled multilinear interval system 6]. The method for generating templates for this kind of uncertain plants was developed in 6]. This method was extended from the celebrated Kharitonov theorem on robust stability analysis. It is shown that the template of the multilinear interval systems can be approximately generated by the Kharitonov segments. Since there is only uncertainty in the denominator in this plant, we have 6] G(j1) It is easy to show that among these six line segments there are four edges of the parameter box Q. The solid lines in Figures 6 and 7 are generated by these four edges and the dot-dashed lines are generated by the other two line segments. Hence the template computed by the method in 6] is the combination of the solid and dot-dashed lines as shown in Figures 6 and 7 for the Nyquist plot and the Nichols chart respectively. The template de ned by the new method is given by a combination of the solid lines (from the boundaries of the parameter space) and the dot-dashed line (from the line L in (24)). It is obvious that the template generated by the Kharitonov-like method is very conservative in this example.
